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ABSTRACT. This paper considers a special integral (1) [ :(fdg + H)
which is a subdivision-refinement-type limit of the approximating sum

n
21:{1'(‘,')[8(-";) —8(x;_ 1)1 + Hlx;_q, "i)}’

where X;_¢ < 4 < x;. The author shows, with appropriate restrictions, that
/S Z(fdg + H) exists if and only if

@Y (rdg + H- A7) = W) YUrdg + H + 4")
fora < x <y < b, where A(p, q) = [f(q) — f(P)][2(q) — &(P)], A (P, @) =
A(@—, q) and A+(p, q) = A(p, p+). Furthermore, if either of the equivalent
statements is true, then all the integrals are equal. These equivalent statements
are used to prove an integration-by-parts theorem and to solve a Gronwall in-
equality involving this special integral. Product integrals are used in the solu-
tion of the Gronwall inequality.

Introduction. This paper considers a special integral (7)f f;( fdg + H) which
is a subdivision-refinement-type limit of the approximating sum

Z:Z{f(t:)lg(x:) ~ g0 )] + Hex_p, %)),

where x;,_, <t,<x;fori=1,2,...,n All functions are from real numbers
to real numbers. Since the function H might be defined as H(x, y) =

u(x)[r(y) —r(x)] +v(y)[s(r)—s(x)], then the Cauchy left and right integrals, the
Smith mean integral [9], and the weighted integral of Wright and Baker [13] are
special cases of this integral. We define A4, A~ and A* to be the functions

A, ¥) = [£() ~ ()] [2(») — )], A7(x, ¥) = A(y~, y) and A* (x, y) =
A(x, x*); then we show, with suitable restrictions, that

) W 2(rag + B)
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164 B. W. HELTON

exists if and only if (L)[2(fdg + H+ A%) = R)f2(fdg + H- A7) fora<x <
Y < b; furthermore, if either of the statements is true, then all the integrals are
equal;

@ O (fdg + H)= @)l - gdfy + f®)e(b) ~ F@e@) + [4* - 47);
and

(3) there is a function u such that, if f(x) < h(x) + (LIR) [ J(H + fG + fK)
for a < x < b, then f(x) < u(x) for a < x < b; product integrals are used in de-
fining the function w.

An integration-by-parts theorem of Wright and Baker [13] is a special case
of Theorem 4. The Gronwall inequality theorems of Wright, Klasi and Kennebeck
[14] and Helton [4] are special cases of Theorem 5. Some other recent develop-

ments pertaining to the Gronwall inequality may be found in the papers listed in
the bibliography.

Definitions and notations. Each integral and product integral is a subdivision-
refinement-type limit and R is the set of real numbers. The number set {x;}7 is
a subdivision of [a, b] and {;}] is an interpolating sequence for {x;}§ imply that
a=xy<t; <x; <t <x,<¢**<x,=>

An ordered set {L, I, R} of letters preceding an integral symbol indicates
the type of approximating sum for each term of the integral—Cauchy left integral
(L), Cauchy right integral (R), interior (Dushnik) integral (I); for example,

(LIR)j:(fdg + hG + H + gdx)

= S {0 DIt - 0] + ()G, %)
1
+ H(xi—l’ xi) + g(xi)(xi - xi—l)}

where x;,_, <t;<x;fori=1,2,...,n

If G is a function from R x R to R, then G € 0A° on [a, b] means
S21G - §GI =0,G € OM° on [g, b] means , IP(1 + G) exists fora <x <y <b
and f2|(1 + G) - TI(1 + G)| = 0, and G € OL® on [a, b] means, if a <x <y <,
then G(x, x*), G(x*, x*), G(y~, ¥) and G(y~, ") exist. G € OB°, G~ ! exists
and G > c on [a, b] means there is a number M and a subdivision D of [q, b]
such that if {x;}} is a refinement of D, then ZT|G(x;_,, x)| <M, [G(x;_y, X)) -1
exists for 0 <i < n, and G(x;_,, x;) = ¢ for 0 <i < n, respectively. (Where
one or more of these properties are needed in a proof, we will assume that an
appropriate subdivision has been introduced into the proof.) The symbol dg
represents a function G such that G(x, y) = g(¥) —g(x). See [3] and [4] for
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detailed definitions. If the meaning is clear, the words “on [a, b]” will be omitted
and the symbols f;_,, f;, G;, etc. will be used as shorthand symbols for f(x;_,),
Fx;), G(x;_ 4 x;), etc.

The symbols A, A and A~ are used to denote functions from R x R to R
such that, if a < x <y < b, then A(x, ¥) = [f(¥) = f(x)] [e(») — &(x)], where
fand g are functions from R to R, and A™(x, ¥) = A(x, x*) and A~ (x, y) =
A(y~, y). Note that:

(1) if dg € OB° and f is bounded on [a, b], then A € OB° on [q, b];

(2) if A €0B° and A exists on [q, b], then f2 A% exists; and

() iflim, 4 [¢(p) —g(x)] # 0 and A(p, pt) exists, then f(p™) exists.

Main results. The lemmas mentioned in the following theorems are stated
in the following section.

THEOREM 1. Given. [a, b] is a number interval, H is a function from R x R
to R, and f and g are functions from R to R such that A* and A~ exist and A €
OB° on [a, b] and such that, ifa <x <y <b, then [Y(A —~ A* - A7) exists
and is zero, and

lim [f(@)-f(P)] [¢(@) ~g(x)] =0,

p,q—x

lim _[f(@) - f(p)] [&(a) —2()] =0

p.q—>y
Conclusion. If one of the following integrals exists, then the other inte-
grals exist, and

@) [*(fig + H+ A4%) = (O [*(fdg + H) = R) [*(fdg + H - 7).

PROOF. Let € > 0. Since f2(4* + A~ - A) exists, then A+ + 4™ -
A €04°. Since A € 0OB° and A™ and A exist on [g, b], then [X(4* + 47)
and f¥A exist and f;'(A"’ + A7) = [¥A for a < x <y < b; hence, the hypothesis
of Lemma 3 is satisfied. Therefore, there is a subdivision D = {z,}7 of [a, b]
such that if D' = {x,}5 is a refinement of D and {¢,}7] is an interpolating sequence
for D' and Q is the subset of {1,2,...,n} such thati € Qiff x;_, ¢ D and
x; ¢ D, then

(1) Zico IAG;_ 1, xF I + AGT, x)I] <e€/10,

(2) ZHAT Gy, x) + A (g, x) —A(;_q, x)l < €/10,

S 14G, x) < X 14T, x) + A(, x) — At %)
i€Q i€

©)] . _
+ 47(@;, x) + A7(2;, x)1] <é€/10,
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and

O] Eiegl[f(xi) _f(ti)] [g(ti) _g(xz..l)] | <e/10.

Such a subdivision D exists because (1) [4(x, x*)| + 14(x~, x)| = 0 except
for a countable subset of [a, b], (2), (3) A* + A~ — A € 04°, and (4) Lemma
3 applies. Since A(x, x*) and A(y~, y) exist and

lim | [£(p) = F®)] [¢() ~g()] = 0

p,1=x

lim_ [f(p) - F(®)] &) -&0)] =0
Pty

and

for a < x <y < b, then there exist interpolating sequences {p,}T* and {g;}7 for
D such that z;_; <p; <q; <z, for each i and
(@ if0<i<mandpandq € (z;_;, p;], then
(5) 1A(z;_y, 21 4) — A(z;_ 4, @)l < €/10m; and
(6) 1[f(p) - f(9)] [g(q) — &(z;~ )| < €/10m;
(b) if0<i<mand pand q € [g;, z), then
) Az, z) — A(p, z)| < €/10m; and
® I[f(p) - f@)] [s(p) —&(z)]] < €/10m.
Let D' = {x,}} be a refinement of D U {p,}7* U {q,}T, and let {z;}] be
an interpolating sequence for D'. Let N, P and Q denote subsets of {1,2,...,n}
such that iENiff x, €D, i €Piff x;_; €D,and i € Q iff i ¢ NU P. Note
that N N P is an empty set. Since

@ [*(sdg + H+ A*) - O f 2 (fig + H)

~ [f(xi_l)Agi +H, + AT] - [f(ti)Agi + H:]
= [f(xz..l) _f(ti)] Ag; + A(x,_l, xtl) =K,

then
E K, = Z [f(xi_l) _f(ti)] [g(x,.) "g(tz)]
iEN iEN
+ YA xE ) X AR 1),
iEN iEN

and it follows from inequalities 8, 1 and 3 that Z,cyIK;l < ¢€/10 + €/10 + €/10;
also

Z K;= Z [fCep) = £(2)] [8Cx;) — 8Cx;—4)]
icp iep

+ 2 Ay, X7 ) — Ay, X1,
icep

and from inequalities 6 and 5, Z,cp|K;| < €/10 + €/10; also,
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2 K= 2 [fx) = f@)] [ex) — &(t)]
i€Q i€Q

+ 3 [fOx) = £@)] [s(e) — 8(x,_1)]
i€Q

+ Y AF+47-4)- 2 A7,
i€Q i€Q

and from inequalities 3, 4,2 and 1,

2 1K1 <€/10 + €/10 + €/10 + €/10.
i€eQ

Hence, Z7|K;] < e. Therefore, if either of the following integrals exists, then
(L)f(fdg + H + A*) = (NS0 fdg + H).

Since 0 = f:(A —AY A7) = RL)f8[(fdg - fdg) - A* - A7], it follows
that if either of the following integrals exists, then

(L)f:(fdg +H+4%
=@ (fdg + H+ A4*) + ®RU)[? [(fdg - fdg) ~ A* - 4]
=@ (sdg + H-4").

THEOREM 2. Given. f and g are bounded functions from R to R, and H
is a function from R x R to R.

Conclusion. If dg € OB° on [a, b], then Statements 1, 2 and 3 are
equivalent and the integrals are equal on each subinterval of [a, b]. If df € OB°
and A* and A~ exist on [a, b], then Statements 1 and 2 are equivalent and the
integrals are equal on each subinterval of [a, b].

1. (Nf2(fdg + H) exists.

2.Ifa<x<y<b, then A(x, x*) and A(y~, y) exist, the following inte-
grals exist, and

Qg + H+ 4%) = R)f (fdg + H-A).

3. Ifa<x<y<b, then A(x, x*) and A(y™, ) exist, the following
integrals exist, and

UR)[? [fdg~G*) +fG* +H] = LR)|’[fG~+ f@dg - G) + HI,

where G(r, t) = g(t) — (), G*(r, ) = G(r, r*),and G~(r, 1) = G(t, {).
Proor. If (If2(fdg + H) exists and either df or dg € OB® on [a, b], then
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0= Ilim +{[f(p)-f(cl)] [s(») —g(x)] + [f(P) - f@)] [s(@) —8(»)]}

»,p,q=>x%

= lim [f(p) - f@][g@@) — &),
p.q—xt
where p, q € (x, ). The limit of the first term is zero because (I)f 2( fdg + H)
exists; the limit of the second term is zero because f and g are bounded and
either dg € OB° or df € OB°. Similarly, if x € (a, b], then
im [f(0) - f(@)][s(@) —8()] = 0.
p.q-x~

Proof for 1 — 2, where A* and A~ exist and df € OB° on [a, b]. We
will show that IZ(A - A% — A7) = 0 for a < p < q < b; then Conclusion 2 fol-
lows from Theorem 1. Suppose that € >0 and a <p <q < b. Since df and
A € 0B° on [p, q], there is a finite subset J of [p, q] such that on [p, q]

M % [4Ge, x| + 146, )] < €10,
and
) x);,J UFG) = FOO + 1fG) = F D] < €/20m,

where m is a bound for |g|. Since (7)f g( fdg + H) exists, then the multivalued
function fdg + H has the OA° property; hence, there is a subdivision D, of
[p. ] such that, if D' = {x,}] is a refinement of D, and {r;}] and {z,}] are
interpolating sequences for D', then

©) 21: L) - 1)) [20ey) - 20 )11 < €/20.

Since df € OB° on [p, q], there is a subdivision D of [p, q] which is a
refinement of D; U J such that a subset of D is an interpolation sequence for
D, UJ and, if {x;}7 is a refinement of D and N, P and Q are subsets of {1, 2,

..,n}suchthati€Niff x;, €D, UJ,i€Piff x, €D, UJ, andi E Qiff
i¢ NUP, then

@ 2 [AGe_q, %) = AT, x)l + 2 [ACe;_p5%;) — Alx;_ px;l; DI<e/10,
iEN i€pP

and

2 M7 G) = FGDN + £ y) = FGx,_ Il Agyl < €/10.

i€Q

Therefore, if D' = {x,}] is a refinement of D and N, P and Q are sets of integers
as defined above, then
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n
Zli IAQe;_ g, x) =AY (e y0 x) = A7(x,_y, %)
< 3 AG_ g, x) = AGE, Pl + 3 1ACGy_ g, xF I
iEN iEN
+ 3 IACy_ g X) — ACG_ 1 X)L+ T IAGE, X))
i€P icP
+ X Ife) —FeDIAg + X 1F6) - F Gt )l Ag
ieQ i€Q
+ -
g,g 1£Gef ) = FOe_DllAg

+ iz:Q (AG_ xE DL+ 146, %)l <e.
(S

(By using inequalities 4, 1,4, 1,2, 3,2 and 1 in this order, it can be shown that
each summation above is less than €¢/10.) Therefore, f g(A — A% — A7) exists and
is zero. Conclusion 2 for df € OB° follows from Theorem 1.

Proof for 1 — 2, where dg € OB°. Suppose x € [a, b). If g(x*) = g(x),
then A*(x, p) =lim_,_ . [f(p) — f(*)] [g(p) — &(x)] = 0. Suppose that g(x*) #
g0x). Since lim, o .+ [£(2) ~ F(@)] [6(7) — )] = O, then f(x*) exists and
A*(x, p) = [f(xt) = F()] [e(xt) — g(x)]. Therefore, A* exists on [a, b]. Sim-
ilarly, A~ exists on [a, b].

The proof that f g(A —A* — A7) exists and is zero is similar to the proof
where df € OB® except for showing that Z,c514,| < e/4. Note that,

240 = X - fio Mg - g <a+B,
i€Q i€0

where
a= ‘Zé [Afllg gt + 1Af) gy — 841
(S

and =2, |Af] 18] — g7, Since dg € OB° and f is bounded, subdivisions
can be defined so that @ < €/10. Since (I)f 2(fdg + H) exists, subdivisions can
be defined so that § < €/10. Hence, EiQQIAiI + E,.EQIA,-I can be made arbitrar-
ily small. Therefore, fg(A - At — A7) exists and is zero, and Conclusion 2 for
dg € 0B° follows from Theorem 1.

Proof of 2 — 1, where dg € OB°. It follows from Conclusion 2 that

0= RL [(fdg - fig) - A* - A7) = [*(4 - a* - 17)
fora < x <y <b. Suppose x € [a, b). Since A™ exists, then
lim [f(¥)=f()][8(») -g()]

yox
exists. If lim,, +[g(») —g(x)] # 0, then lim,_, .+ [f(») = f(x)] exists and
lim,  +[f(P) ~f(@)] = 0. Since fand g are bounded functions and since one
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of lim, ., +[f(®) = f(@)] or lim__, . [e(q) —&(x)] is zero, then

®) plil?»x [f(®) - f@] [8(@) —&(x)] = 0.
Similarly,

6 im [f(p) - f(@)] [g(@) —&()] = 0.
O] i

It follows from Theorem 1 that (I)f(fdg + H) exists and is (L)f%(fdg + H+A").
Proof of 2 — 1, where df € OB°. Since df € OB°, then

im [f(p)-f@] =0 and Ilim [f(®)-f(@@] =0
p.g-xt P.a=y~

for a < x < y < b; therefore, equations (5) and (6) hold. Since A* and A~ exist
and [¥(4-A* —A7) =0 fora <x <y <b, it follows from Theorem 1 that
()f2(fdg + H) exists and is (L)f2(fdg + H + A™).

We will now prove that the following integrals exist and that f ;’A*’ =
RL)Y(fG* - fG*) and [YA™ = (RL)[X(fG™ - fG™), where dg € OB°, A*
and A~ exist, and G, G* and G~ are defined as in Conclusion 3. Then these
results will be used to prove 2 < 3. Since A* and A~ exist and 4 € OB°, then
J2A™ and f247 exist.

Suppose that a < x <y < b, € > 0, and M is an upper bound for |f| on
[a, b]. Since dg € OB® and since A% exists on [g, ], there is a finite subset J
of [x, y] such that M + 1)Z, ¢ ;IG(x, x1) < €/2 and, if x €J, then G(x, x*)
# 0; hence, if x €J, then f(x¥) exists. Let K =J U {g, b} = {z,}7; then there
is an interpolating sequence {;}]’ for K such that if z;_;€Jand z;_; <p <,
then |f(zf ;) = f(p)| < €/2V, where V = Z,(, 5y 1G(x, x¥).

Let D =J U {g, b} U {t;}7, and let D' = {x;}7 be a refinement of D. Let
f(x*) denote a cluster value of f at x*; then A*(x, y) = [f(x* —f(x)]1GT(x,»),
and

314 Gy, %) — [FG) £ Gy DI GH Gy, )
1

LG ) = FOu_DIGT = [F () = f(x;_ )1GF

1
UG ) - Fe)IGH
1

< Zjl[f(x,?‘_l)-f(xi)]G;“l+ e - FE)IGH]

xi—1€ x;_1¥J

<E2V) X 16y xf) +e2<e.
xi_lEJ
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Hence, [YA* = RL)Z(fG* - fG*) and,similarly, Y4~ = (RL)[%(fG - fG").
Proof of 2 < 3, where dg € OB°. If Conclusion 2 holds, then the follow-
ing integrals exist and f24* = (RL)[2(fG* - fG*)and

f iA‘ = (RL)f i( G~ -fG").

By combining the above equations with the equations in Conclusion 2, one can
show that

@)’ (fdg + H+4*) = CR)[” [f(dg - G*) + fG* + H]
and

®f(fdg + H- A7) = LR)[V[fG™ + f(dg - G) + H];

hence, 2 — 3.

The proof for 3 — 2, with dg € OB®, is identical to the above proof of
2—3.

The following example shows that df € OB° and the existence of (I)f ,’,’ fdg
does not imply that A* and A~ exist. Let g be a function such that g(b™) does
not exist, and let f be the function such that f(b) =2 and f(x) =1 forx €
[a, b). Then (I)f2fdg = g(b) - &(a), but A(d~, b) does not exist.

It is possible for the function A(x, y) = [f(») - f(x)] [e(»y) —g(x)] to
belong to 0A° and OB° and neither f nor g to have bounded variation

ExaMmpLE. Let f(x) = sin(1/x) for x <0 and f(x) = O for x > 0, and
8(x) = 0 for x < 0 and g(x) = sin(1/x) for x > 0; on the interval [-1, 1],

A € 04° and OB° and f24 = 0 for -1 <p <q < 1; however, df ¢ OB° and
dg¢ OB°.

Theorem 5.1 of [3] gives a set of necessary and sufficient conditions for
the integral equation f(x) = h(x) + (LR)S(fU + fV) to have a solution, where
U and V are functions from R x R to R. We now show that Theorem 5.1 of [3],
used with Theorem 2, gives a method for finding the solution of the equation
f(x) = h(x) + (S7(fdg + H), where H(x, y) = f(x)K(x, y) + f(y)F(x, y) +
O(x, ) and Q is independent of f and f7Q exists. Suppose that G and Gt are
defined as in Conclusion 3 of Theorem 2, and that suitable restrictions are placed
on each function; then,

6 = hx) + Of (fdg + H)
= h(x) + (LR [fdg = G*) + fG* + H] (Theorem2)

= h(x) + LRLR)[[f(dg - G*) + fG* + fK + fF + Q]
and
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169 = [1) + 0] + CRZ17e = G* + K + G + P

Theorem 5.1 of [3] gives the solution for the preceding equation.

It is easily proved that, if the function dg in Theorem 2 is replaced by a
function G from R x R to R such that G € 04° and OB° on [q, b], then the
resulting Conclusions 1, 2, and 3 are equivalent. The proof of the following
theorem (which is used in the proof of Theorem 5) illustrates a method for con-
structing such proofs.

THEOREM 3. Given. fis a bounded function from R to R, and Q, Q* and
H are functions from R x R to R such that Q € OA° and OB° on [a, b],
(DSB(fQ + H) exists, and 0% (x, y) = Q(x, x*) for x € [a, b), provided Q(x, x*)
exists.

Conclusion. If a <x <y <b, then Q% (x, y) exists, and

@R[’ 11@- Q%) +fQ* +H]

exists and is (I)f3(fQ + H).

PROOF. Since Q € 04° and OB°, then Q(x, x*) exists for x € [a, b). Let
g and G be functions such that g(x) = f3Q and G(x, y) = f1Q fora<x <y <b.

Since dg € OB°, then the triple f, g, H satisfies Conclusion 1 of Theorem 2; hence
Conclusion 3 holds and

@) [*(fdg + H) = CR)[ [f(dg = G*) + fG* + H].

Since Q € 04°, then 0 = f2(Q - fQ) = J%(Q - G) = f%(Q — dg) and G(x, x*) =
o, x*) = Q*(x, y) fora <x <y <b. Therefore,

Of -0 = 0f 16 -0 = of (fo-2)=o0
and
Of (e + )= Of1f(Q +dg - Q) + H] = Q) (fdg + H)
= R 1f(@g ~G*) + fG* + H] = LR [/@ - Q%) + fQ* +H]
fora<x<y<b.

THEOREM 4. Given. [a, b] is a number interval, f and g are bounded func-
tions from R to R, and H is a function from R x R to R.

Conclusion. 1. If A* and A~ exist on [a, b], if dg or df € OB° on [a, b],
and if ()f f(H + fdg) or ) f 2(H — gdf) exists, then the other integral exists and

Of2@ + 1d6) = @l - gaf) + F©)e®) - F @@ +[°4* - 4.
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2. If dg € OB° on [a, b] and (If8(H + fdg) exists, then A* and A™ exist
on [a, b], and the equation in Conclusion 1 holds.
ProOF. Suppose A* and A~ exist, and suppose (I)f2(H + fdg) exists. If
either df € OB° or dg € OB, then S84 and f24~ exist, and
(I)f:(fdg +H)= (L)f :( fdg+H+ A%)  (Theorem 2,1 —> 2)
= R)f(-gdf + H + 4*) + [©)e(6) - f@)£0)
=~ R)f "edf ~ H - A7) + [(®)g(b) ~ f@i(a) +[ (4™ - 47)
=~ O edf - H) + f(b)e) ~ f@g(@) +[(4* ~47) (Theorem 2,2 > 1).

If (DS Z(H —gdf) exists, similar manipulations will hold.
If dg € OB° and (I)f2(H + fdg) exists, it follows from Theorem 2,1 — 2,
that A and A~ exist; hence, the preceding manipulations hold for this case also.
If f and g satisfy the hypothesis of Theorem 4, then the following relation-
ships can be proved as corollaries to Theorem 4.

@R :(udr + fdg + vds)
= f(b)e(b) - @e(@) + LIR) [ (udr ~ gdf +vds) +[7(A* A7)
= f(b)g(b) - f(a)2(a) + u(b)r(b) — u(a)r(a)
+ (RIR)J:(—rdu —gdf + vds) + f:(A* -40)
= f(b)s(b) — f(@)8(a) + u(bIr(b) — u(a)r(a) + v(b)s(b)
~ w(@)s(a) + (RIL)[? (~rdu = gdf = sdv) + [} :(A+ -4

In a recent paper Wright and Baker prove an integration-by-parts theorem
[13, Theorem 3.2] for the integral (LIR)f f,’(wl fdg + w,fdg + wyfdg). Their
Theorem 3.2 can be proved as a corollary to Theorem 4 above in which w,f(¢)
and [w,f(x) + w;f ()] [g(») — g(x)] of Theorem 3.2 play the roles of f(¢) and
H(x, y), respectively, in Theorem 4.

THEOREM 5. Given. [a, b] is a number interval, m and c are numbers, and
h and k are bounded functions from R to R such that k = 0 and dh € OB° on
[a, B); H, G and K are functions from R x R to R which belong to OA° and OB°
on [a, b]; S is the set of functions such that f € S iff f is a bounded nonnegative
function from R to R such that if x € [a, b] then the following integral exists and

fx) <h(x)+ (LIR)J:( fkH + fkG + fkK);
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u, v, U, Vand G* are functions from R x R to R such that U = (1/2)(lul + u),
V= (1/2)(vl + v) and G*(x, y) = G(x, x™).

Conclusion 1. If m = lub ye(4,51k(*), 1 =m(G* +K)>c¢>0o0n [q, b],
and u(x, y) = H(x, y) + G(x, y) - G(x, x*) and w(x, y) = G(x, x*) + K(x, »)
Jora < x <y < b, then the function g such that

g(x) = h@,1*(1 + mU)(1 -~ mp)~*
+ ®f (1 - mp)~! %1 + mU)1 - mV)™~'dh

exists on [a, b]; furthermore, if f € S and x € [a, b], then f(x) < g(x).

Conclusion 2. If k is quasi-continuous, and u, v, U and V are defined as in
Conclusion 1, and |kUl(x, ¥) = |k(x) U(x, ¥)| and |kV|(x, ¥) = |k(»)V(x, ¥)|, and
1-1kV| = ¢ > 0, then the function g such that

g(x) = h(@),1*(1 + |kUD( - [kV])~!
+ (R)j:‘(l - kv~ II*(1 + (kUL - V)~ dh

exists on [a, b]. Furthermore, if f €S and x € [a, b], then f(x) < g(x); also, if
u(x, ) = 0and v(x, y) = 0o0n [a, b], then g €S.

Conclusion 3. If k is quasi-continuous and P, Q, T, u and v are functions
such that P(x, y) = k(x)H(x, ), Q(x, ¥) = k(x*)G(x, »), T(x, y) = k(»)K(x, ),
ux, y) = P(x, y) + Q(x, y) — Q(x, x*) and u(x, y) = Q(x, x*) + T(x, y) for
a<x<y<band 1-(Q* + T)=c>0on [a, b), then the function g such that

g0) = h@, (1 + V)1 - V)~ + @70 - V)~ XA+ UY1- V)~ dh

exists on [a, b); furthermore, g € S and, if f € S and x € [a, b], then f(x) < g(x).

ProoF oF CoNCLUSION 1. Let g be the function such that, if x € [q, b],
then

g(x) = h(@), 1*(1 + mUX1 —mV)~!
+ (R)j:(l -mV)~[,I*(1 + mU)1 - mV)~'] dh.
Since u and v € 04° and OB° on [a, b], it follows from Lemma 4 that mU and
mV € OA° and OB°. Since 1 —mV > ¢ > 0, it follows from Lemma 5 that g
exists on [a, b] and that, if x € [a, b], then g(x) = h(x) + (LR)[5(@gmU + gmV).

Suppose that f € S and x € (g, b]. Since G € OB°® and 04°, it follows
from Theorem 3, with fk playing the role of f, that

(LIR)f :( fkH + fkG + fkK) = (LR)f: [(fR)u + (fE)v]
and, hence, f(x) < A(x) + (LR)S[(fK)u + (fK)v]. If € > 0, there is a subdivi-
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sion D of [a, x] such that if {x;}7 is a refinement of D then there is a number
e such that |e|] < e and such that

f&) ~80) < LR (fleu + flv) = LR (gmU + gm¥)

n
=3 fi=1kim 1ty + fik; — 8y mU; —gmV)) +e.
1

Since f;_,mU; 2 f,_ k;_,u; and f;mV; > fk; for each i, then

L2 et ]

F6) ~8) < X (fy—ymU; + fmV; —g_ymU, ~gmV)) + e
1

< Zl: [(fi—1 &= )mU; + (f; —gmV}] +e.

Since f(a) < g{a) and f - g is bounded on [a, b] and mU and mV are nonnegative
functions such that mU and mV € OA° and OB° and such that 1 - mV > ¢ >0,
it follows from Lemma 6 that f(x) < g(x) for x € [a, b].

PrROOF OF CONCLUSION 2. Suppose that g is the function defined in Con-
clusion 2 and that k is quasi-continuous on [z, b]. Since each of u and v € 04°
and OB° and k is quasi-continuous on [a, b], it follows from Lemma 2 that ku
and kv € 04° and OB° and from Lemmas 2 and 4 that |kU| and |kV| € 04°
and OB° on [a, b]; also, 1 = |kV|=>¢ >0, |kU| = 0 and [kV| > 0. A repetition
of the steps in Conclusion 1 (with mU and mV replaced by |kU| and |kV'|) shows
that g exists and is A(x) + (LR)fX(g|kU| + glkV]) on [a, b] and, if f € S and
x € [a, b], then f(x) < g(x).

If each of u and v is nonnegative on [, b], then U= (1/2)(lul + u) =u
and ¥V = (1/2)(lvl + v) = v, and k(x)u(x, y) = |kUI(x, ) and k(»)u(x, y) =
|kVi(x, y) on [a, b]. We now show that g € S. Since g and k are quasi-continuous
and each of H, G and K € 0A° and OB®, then by Lemma 2 each of (L)f2gkH,
s ,’,’ng and (R)f f,’ng exists; hence, (LIR)S;(gkH + gkG + gkK) exists for
x € [a, b] and, by Theorem 3, is (LR)f(gku + gkv). Hence,

g(x) = h(x) + (LR)f :@lkUl + glkV))
= h(x) + (LR)f:(gku + gkv)
= h(x) + (LIR)f ;‘(ng + gkG + gkK) (Theorem 3)

for x € [a, b]. Therefore,g € S.

ProoF oF CoNcLUSION 3. Suppose k is quasi-continuous on [z, b] and
that P, Q, T, u and v are functions with the properties given in Conclusion 3.
Since H, G and K € 0A° and OB® and k is quasi-continuous, it follows from
Lemma 2 that P, Q and T € 04° and OB° on [a, b]. The functions P, Q, T, u,
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v, U and V satisfy the hypothesis for Conclusion 1 (with P, Q, T playing the
roles of H, G, K, respectively), and with k = 1; hence,

f() <h(x) + LIR)["(fP +fQ + fT)
and the function g such that
g(¥) = @), 1*QA+ )1 -V)" ' + (R)f:(l - LI+ 0)A-v)"tdn
exists on [, b] and, if f € S and x € [q, b], then f(x) < g(x).
Since Q € 0A° and OB°, then
g() = h(x) + (LR)[ (gU +gV)  (Lemma 5)

= h(x) + (LIR)f:(gP + g0 +gT) (Theorem 3)

= h(x) + (LIR)f : (gkH + gkG + gkK)
for x € [a, b]. Therefore, g €S.

In a recent paper [14, Theorem 2.1] Wright, Klasi and Kennebeck consider
a Gronwall inequality of the form

1) < €+ LR (w, fhdg + w, fidg + w3 fhdg),

where g is nondecreasing and f and k are bounded nonnegative functions on [a, b],
€ is a positive number, and m =lub,c(, 5 ]k(x); also,

) af) = Iw, + wylm[g(t™) —2(t)] <1 and

@) B(t) = Iwslm[s() —g()] <1.
Theorem 2.1 is a special case of Theorem 5, Conclusion 1, with A = ¢, H = w,dg,
G = w,dg and K = w,dg. Following is the outline of a proof which shows that
there is a positive number ¢ such that 1 —m(G* + K)=>¢>0on [a, b]. Sup-
pose D = {t;}7 is a subdivision of [, b] and that 0 <i<n. Then
m(G,+ + K;) = mw, [g(t,tl) —g(t;_ )] + mws[g() -g(t,-__l)]

<mlw, +wyl[e(tf ) —8(ti_ )] + mlw;l[g(t) — &(t))]

+ mlw;l[e(ty) -8t 1))
= oft;_,) + B(t;) + miw;l[g(}) —8(t,t1)] .

Since g is nondecreasing, inequalities (1) and (2) above assure that there is a positive
number ¢ such that 1 > a(f) + 4c and 1 > f(¢) + 4c on [a, b]; also, if the sub-
division D is chosen properly, then a(z;_;) + B(¢;) < (1 —4c) + c and

3
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mlw,|[e(e7) - gtF_ D] <¢;

hence, m(G;" + K;) + ¢ < 1. Therefore, any set of functions and numbers which
satisfies the hypothesis of [14, Theorem 2.1] will also satisfy the hypothesis of
Theorem 5, Conclusion 1.

Lemmas. The following lemmas were used in the proofs of the preceding
theorems.

LemMA 1. If G is a function from R x R to R such that [ Z G exists, then
G € 0A° on [a, b] [3, Theorem 4.1, p. 304].

LemMA 2. If H and G are functions from R x R to R such that H € OL°
and G € OA° and OB° on [a, b], then GH € 0A° and OM° on [a, b] [4,
Theorem 2, p. 494].

LeMMA 3. Given. [a, b] is @ number interval, f and g are functions from
R t0 R such that A € OB, the following integrals exist and A = [2(A* + 47)
fora<x<y<b.

Conclusion. If € > 0, then there is a subdivision D of [a, b] such that, if
D'= {x,}g is a refinement of D and {t;}] is an interpolating sequence for D' and
P is the subset of {1,2, ... ,n} such that i €P iff x;_y ¢ D, and x; € D, then

2L = £ [8(t) — 8(x;_ N1 < €
i€cP

and

_ez:., |[f(ti) _f(xj_.l)] [g(xi) —g(ti)] I<e.

Proor. Let € > 0. Since A € 04° and 4 € OB° and

fiA= fZ(A+ +47)= Y [A(p~ p) + A, pH)]
PE[x,y]

for a < x <y < b, then there is a subdivision D of [a, b] such that, if D' =
{x;} is a refinement of D and P is the subset of {1, 2, ..., n} such thati €P
iff x;_y & D and x; ¢ D, then

n

M Saen - [T a|<ae,
@ |7 @t +a)|<es,
iep VV Xj—1

and
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A(x_,, ) - f I :' A'
i-1

<el6+ Y If:‘_l(A+ +40)

iepP

2 lAGx;_ 1, x; )|<

3)
< ¢f3.

Suppose that D' = {x;}5 is a refinement of D and {;}] is an interpolating se-
quence for D' and {r,}} is the sequence of numbers such that

ri = [F(t) = FGei_ )] [80x) — 8(2)] + [F(x) - £@t)) [e(2) — &(x;_,)]
=A0x;_y, x) — [ACe_q, 1) + A, x)]
fori=1,2,...,n It follows from inequality (1) that

X
A1 %) _fxz 1A

t:

Xi—1

%

We will now prove the inequalities in the conclusion. Let P be the subset
of {1,2,...,n} such that i €Piff x;_; ¢ D and x; ¢ D, and let {4,}] and
{b;}] be the number sequences such that, if 0 <i <n, then:

(1) if lgCx;) — gDl > lg(t;) — g(x;_,)l, then g; = 1 and b, = 0; and

(2) if lgCx;) — &)l < lg(z;) — 8(x;_ )|, thena; = 0 and b; = 1.

It follows that

Z ILf (x,‘) -f (ti)] [g(t,') - g(x:- 1)] |
icpP

] < ¢/2.

= 2 @/ =) [ee) - 2xi_ ]!

+bylr = [fe) = G- )] [gx,) — 811}
< Z {glf@x) = @I lglx;) — ()

+BF() ~ £yl 18t — g, ) + 1r)
< ‘GZP 4G, x| + 1AG;_y, £)I] + €2 <€f2 + €2,

from inequality (3), because D' U {¢,}] is a refinement of D. Similarly,
,Ep I[F@) = f(x;- )] [8Gx) — 8] <e.
LEMMA 4. Given. G and H are functions from R x R to R such that G €

0A° and OB° on [a, b] and H(x, y) = (1/2)[|G(x, )| + G(x, )] fora<x <
y<b
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Conclusion. |G| and H € OA° and OB° on [a, b].

OUTLINE OF PROOF. Let g(x) = f7G. If D = {x;}} is a subdivision of
[a, b], then

n n xi n n i
ZIAgiI=Zlf G|<ZIG,.|+ZU" G-6).
1 1 P ¥i-a 1 1P -1

Since G € OB° and 04°, it follows that dg € OB® and that f|dg]| exists. If
{x;}5 is a subdivision of [a, b], then
n
- Z(
1

<}ff"i
1

Xi—-1

n n
> lagl - Y IG)
1 1

I GI - IG,.I)I

i-1

G - Gila

Since G € 0A°, the last summation can be made arbitrarily small; it follows that
S2IGl exists and |G| € 04° (Lemma 1). Since |G| and G € OA° and OB°, then
H = (1/2)(IG| + G) € 04° and 0B°.

LEMMA 5. Given. [a, b] is a number interval, ¢ > 0 and h is a function
from R to R such that dh & OB° on [a, b]; U and V are functions from R x R
to R such that Uand V € 0A° and OB° and 1-V =¢ > 0on [a, b].
Conclusion. (1) If a <x <y <b, then ,T” (1+ UX1 - V)~ ! and
®f( = vy A+ U)X - V)~ dh exist. (2) If g is the function such that

£(x) = h(@),II* (1 + UX1 = V)~* + R)f (1 = )=, 11 (1 + V)1 - V)~ "dh
Jor x € [a, b], then g(x) = h(x) + (LR)f}(gU + gV) for x € [a, b].

Proor. We will show that Lemma S is a corollary to Theorem 5.1 of [4].
Since V' € OA° and OB° and 1 = ¥V = ¢ > 0 on [a, b], then (1 - V)~ ! exists, is
bounded, and € OL® on [a, b]. Since (1 — ¥)~! € OL® and dh € 0A° and OB°
then (1 = ¥)~1dh € 04° (Lemma 2). Since (1 — ¥)~! € OL® and is bounded,
since U + V € 0B° and 04°, and since (1 + UY(1 - )~ -1 = U+ V)-

(1 -7v)"! then (1 + UX1 - ¥)~! -1 € 0B, 04° and OM° (Lemma 2); hence
P+ U)1 - V)~ ! exists fora <x <y <b. Since the function r(f) =

JP(1 + U)1 = ¥)~! has bounded variation and (1 - ¥)~1dh € 0A° and OB°,
then

R /1 (1 + U)1 = V)11 (1 - V)~ tan
exists fora <x <y <b (Lemma 2). Let g be the function defined in Conclu-

sion 2. Since the functions U, ¥, h and g satisfy the hypothesis of Theorem 5.1,
2 — 1, it follows that g(x) + a(x) + (LR)f}(gU + gV) for x € [a, b].
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The proof of Lemma 6 is similar to the proof of Theorem 3 of [3].

LEMMA 6. Given. H and G are functions from R x Rto Rand cis a
positive number such that H and G € OA° and OB°, H>0,G > 0,and 1 -G >
con [a, b]; u is a function from R to R such that u is bounded above on [a, b],
u(@) <O0and, if e > 0 and a <p < b, then there is a subdivision D of [a, p] such
that if {x;}y is a refinement of D then

u(x,) < Z’:: [ulx;_ DH(x;_ 0 x) + u(x)Glx;_y, x))] + €.

Conclusion. If x € [a, b], then u(x) < 0.

PrROOF. Assume the conclusion is false, and let S be the subset of [, b]
such that x € S iff u(x) > 0; then S is nonempty and has a greatest lower bound p.
Suppose that p € S; then u(p) > 0 and p #a. Since 1 -G = ¢ > 0, there
is a positive number & such that 2k < u(p)[1 — G(p~, p)]. Since G € OB° and
0A° and since k > 0, there is a subdivision {x;} of [a, p] such that
u(P)G(x,_y, p) —u@)GP~, p) <k

and

u(p) < 21: [x;_ JHGe; g0 x) + u(x)Gx;_y,.x)] + k< u(P)G(x,_,,p) +k

= [u(p)G(x,_y, ) —~u(p)G(p~, P)] +u(p)G(p~, p) +k
<k +u(p)G(p~, p) +&;

therefore, u(p)[1 — G(p~, p)] < 2k. Since this contradicts an earlier statement
that 2k < u(p)[1 - G(p~, p)], it follows that p & S.

Since p ¢ S, then u(f) <O fora< t<pandp #b. Since G and H € OB°
and since 1 = G(p, p*) > ¢ > 0, there is a positive number k such that

26, pH)+1+k] <1.
Since H and G € OB°, there is a number y € (p, b] such that, if {x,}? is a sub-
division of [p, y], then

o ‘zz_‘H(xi-l.x,-) + zi:G(xi_l,x,K(l/z)n -G(p, p*)] +G(p, p)

=1/2)[1 + G(p, p*)] < 1.

Let M be the least upper bound for u on [p, y]; then there is a number z €
(p, y] such that

) ' u(z) > (1/2)[G(p, p*) + 1 + K]M.
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It follows from the hypothesis that there is a subdivision D = {z;}j of [a, z] and
an integer r such that p = z,_; € D and such that

u(z) < i [u(z;_  )H(z;_ 45 2;) + u(z))G(z;_ 4, 2,)] + kM/2
1

n n n n
< X u_ Hi+ YuG + kM2 <| X H; + X G|M+ kM2
r+1 r r+1 r

<(1/2[1+ G(p, pH)IM + (1/2)kM (Inequality 1)
=(1/2)[1 + G(p, p*) + kIM < u(z). (Inequality 2).
It follows that the conclusion is true.
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