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In memory of Pro f essor R. L. Moore

ABSTRACT. This paper considers a special integral (l)f^(fdg + H)

which is a subdivision-refinement-type limit of the approximating sum

2{/(',)[*(*,) -8ix¡_x)] + H(X¡_X, x¡)},

where X¡_x < t¡ < x¡.  The author shows, with appropriate restrictions, that

(I)fba(fdg + H) exists if and only if

(R)SX (fdg + H-A~) = (L)fx(fdg + H + A+)

for a < x < y < b, where A(p, q) = [f(q) -f(p))[g(q) -g(p)],A~(p, q) =

A(q~, q) and A (p, q) = A(p, p ). Furthermore, if either of the equivalent

statements is true, then all the integrals are equal. These equivalent statements

are used to prove an integration-by-parts theorem and to solve a Gronwall in-

equality involving this special integral. Product integrals are used in the solu-

tion of the Gronwall inequality.

Introduction. This paper considers a special integral (I)fba(fdg + 77) which

is a subdivision-refinement-type Umit of the approximating sum

¿{/('¿IX*,)"***,.,)] +ÄC*f-i. xj)},
i

where x¡_x <t¡<xtfot i=l,2.«.  AU functions are from real numbers

to real numbers. Since the function 77 might be defined as 77(jc, y) —

u{x)[r(y)-r(x)] + v(y)[s(y)-s(x)], then the Cauchy left and right integrals, the

Smith mean integral [9], and the weighted integral of Wright and Baker [13] are

special cases of this integral. We define A, A~ and A+ to be the functions

A(x, y) = [f(y) -f(x)] \g(y) -g(x)], A~(x, y) = A(y~, y) and A+(x, y) =

A(x, x+); then we show, with suitable restrictions, that

o) o)Jaifdg+m
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exists if and only if {L)fyx{fdg + H + A+) = (R)fyx(fdg + H - A~) for a < jc <

y < b; furthermore, if either of the statements is true, then all the integrals are

equal;

(2)    (/)/*{fdg + H) = (I)fba(H -gdf) + f(b)g(b) - f(a)g(a) + fb(A+ -A~);

and

(3) there is a function u such that, if f(x) < h(x) + (LIR)fx(fH + fG+fK)

for a < x < b, then f(x) < u(x) for a < x < b; product integrals are used in de-

fining the function u.

An integration-by-parts theorem of Wright and Baker [13] is a special case

of Theorem 4. The Gronwall inequality theorems of Wright, Klasi and Kennebeck

[14] and Helton [4] are special cases of Theorem 5. Some other recent develop-

ments pertaining to the Gronwall inequality may be found in the papers listed in

the bibliography.

Definitions and notations.  Each integral and product integral is a subdivision-

refinement-type limit and F is the set of real numbers. The number set {jc,-}^ is

a subdivision of [a, b] and {t¡}" is an interpolating sequence for {jc,.}^ imply that

a = x0 < f j < xx < t2 < x2 < • • • < jcn = b.

An ordered set {L, I, R} of letters preceding an integral symbol indicates

the type of approximating sum for each term of the integral-Cauchy left integral

(L), Cauchy right integral (F), interior (Dushnik) integral (7); for example,

(LIR)jb(fdg + hG+H + gdx)

- t {/(Xi-OlgiXi) -g(Xi_x)] + Kt¿G(Xi-v *«)
i

+ H(xt_x, x¡) + g(x$xt - x¡_x)}

where JC;_ x < t¡ < x¡ for i = 1, 2, ... , n.

If G is a function from F x F to F, then G E OA° on [a, b] means

¡ba\G - JG\ = 0, G EOM° on [a, b] means ,^(1 + G) exists fox a <x<y<b

and /*|(1 + G) - n(l + G)\ = 0, and G G OL° on [a, b] means, if a <x<y<b,

then G(jc, x+), G(x+, x+), G(y~, y) and G(y~,y~) exist. G E OB°, G~l exists

and G > c on [a, b] means there is a number M and a subdivision D of [a, b]

such that if {*,.}„ is a refinement of D, then 2? \G(x¡_x, xf)\ <M, [G(x¡_x, x¡)]~x

exists for 0 < i < n, and G(x¡_x, x¡) > c for 0 < i < n, respectively. (Where

one or more of these properties are needed in a proof, we will assume that an

appropriate subdivision has been introduced into the proof.) The symbol dg

represents a function G such that G(jc, y) = g(y) - g(x). See [3] and [4] for
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detailed definitions. If the meaning is clear, the words "on [a, b]" wiU be omitted

and the symbols f¡_x, f¡, G¡, etc. wiU be used as shorthand symbols for f(x(_x),

f(xj),G(x¡_x,xj),etc.

The symbols A, A+ and A~ ate used to denote functions from R x R to R

such that, iîa<x<y<b, then A(x, y) = [f(y) -f(x)] \g(y) -g(x)], where

/ and g ate functions from R to R, and A+(x, y) = A(x, x+) and A~(x, y) =

A(y~, y). Note that:

(1) if dg E OB° and / is bounded on [a, b], then A E OB° on [a, b] ;

(2) if A E OB° and A+ exists on [a, b], then f\ A+ exists; and

(3) if lim^    + [g(p) -g(x)] =£ 0 and A(p, p+) exists, then/(p+) exists.

Main results. The lemmas mentioned in the foUowing theorems are stated

in the foUowing section.

Theorem 1. Given, [a, b] is a number interval, 77 is a function from R x R

to R, and fand g are functions from R to R such that A+ and A~ exist and A E

OB° on [a, b] and such that, ifa<x<y < b, then fy(A -A+ -A~) exists

and is zero, and

lim      [f(q)-f(p)][g(q)-g(x)]=0,
p,q-*x +

and

&n_[f(q)-f(p)][g(q)-g(y))=0
p.Q^-y

Conclusion. If one of the following integrals exists, then the other inte-

grals exist, and

(L)f\fdg + H + A+) = (I)fa(fdg + 77) = (R)fa(fdg + H- A~).

Proof. Let e > 0. Since ¡*(A+ + A~ - A) exists, then A+ + A~ -

A E OA°. Since A E OB° and A+ and A~ exist on [a, b], then fy(A+ + A~)

and fyA exist and fy{A+ + A~) = fyA for a < x <y < b; hence, the hypothesis

of Lemma 3 is satisfied. Therefore, there is a subdivision D = {zj}m of [a, b]

such that if D' = {x^q is a refinement of D and {tj}" is an interpolating sequence

for D' and Q is the subset of {1, 2,..., «} such that /* G Q tífx¡_x ^ D and

x¡ £ D, then

(1) Sfee [\A(X¡_X, xt_x)\ + \A(xJ, xj)\] < e/10,

(2) -Lnx\A+(xt_x, xj) + A-(x¡_x, xj) -A(Xi_x, xj)\ < e/10,

(3)

Z \A(tt, xj)\ < £ [\A+(ti, xj) + A'it,, xj) -A(tit xj)\
iBQ i<=Q

+ \A+(t¡, xj) + A-(tt, xj)\] < e/10,
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and

(4) 2ieß I [/(*,) -f(tt)] Wft) -g{x,_x)] I < e/10.
Such a subdivision D exists because (1) \A(x, x+)\ + \A(x~, x)\ = 0 except

for a countable subset of [a, b], (2), (3) A+ + A~ -A E OA°, and (4) Lemma

3 applies. Since A(x, x+) and A(y~, y) exist and

Um +[f{p)-f{t)][git)-g{x)]=0

and p'~

iim_ [f{p)-f{t)][g{t)-g(y)]=o
p,*-*y

for a < jc <y < b, then there exist interpolating sequences {p¡}m and {q¡}m for

D such that z¡_ x <pt<q¡< z¡ for each i and

(a) if 0 < i < m and p and q E {z¡_ x, p¡], then

(5) \A(Zi_v zT_x) -A(zi_x, q)\ < e/lOm; and

(6) \[f(p) -f(q)] [g(q) -íCv,)] | < e/lOm;
(b) if 0 < i* < m and p and q E [q¡, z¡), then

(7) \A(z7, z¡) -A{p, z,)\ < e/lOm; and

(8) I [f{p) - f{q)] [g(p) -g(zt)] I < eflOm.
Let £>' = {x,.}g be a refinement of D U {p.}\" U {q¡)m, and let {t¡}"x be

an interpolating sequence for D'. Let Af, F and Q denote subsets of {1,2,..., n]

such that i* G Af iff x, ED.iEP iff x¡_ x E D, and /' G g iff i £ Af U P.  Note

that Af n F is an empty set. Since

{L)fbaifdg + H + A+)- {I)fbaifdg + H)

~ [/(*,_ i^- + H, + A+] - [f{ti)Agi + HÄ

= [f(xt_x) -fit,)] Ag, + A{x,_x,xt_x) = K„

then

Z *, = Z L/(*i-i) -/(',)] [« -«('/)]
/EAT feAT

+ Z ¿(*f-l- *<Ll) - Z ¿(*|-L ',)>
iGAT t&f

and it follows from inequalities 8, 1 and 3 that 2ielf\K,\ < e/10 + e/10 4- e/10;

also

Z K¡ = Z Uix,) -f(t,)] \g(x¡) -g{xi_1)]
mp        /e/>

¡ep

and from inequalities 6 and 5, ^¡BP\K,\ < e/10 + e/10; also,
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Z Kt = Z [/(*/) -fOi)] \gixj) ~g(tj)]
ÍE:Q i(BQ

+ Z [/W-/(',)] b(í/)-«C»/-i)]
teQ

+ ¿ZiAÎ+Aj-Aj)-Z Aj,
i^Q i<BQ

and from inequalities 3, 4, 2 and 1,

£ \K¡\ < e/10 + e/10 + e/10 + e/10.

Henee, 2" |7£,.| < e. Therefore, if either of the following integrals exists, then

(L)fba(fdg + H + A+) = (I)ib(fdg + 77).

Since 0 = fba(A -A+ -A~) = (RL)fb[(fdg - fdg) - A+ -A~], it follows

that if either of the foUowing integrals exists, then

(L)jba(fdg + H + A+)

= (L)fba(fdg + H + A+) + (RL)fb [(fdg-fdg) -A+ -A-}

= (R)fba(fdg + H-A-)-

Theorem 2. Given, fand g are bounded functions from R to R, and 77

is a function from R x R to R.

Conclusion. IfdgE OB" on [a, b], then Statements 1, 2 and 3 are

equivalent and the integrals are equal on each subinterval of [a, b]. IfdfE OB°

and A+ and A~ exist on [a, b], then Statements 1 and 2 are equivalent and the

integrals are equal on each subinterval of [a, b].

l.(I)Jb(fdg + H) exists.

2. If a <x <y < ô, then A(x, x+) and A(y~, y) exist, the following inte-

grals exist, and

(L)fyx(fdg + H + A+) = (R)fyx(fdg + 77 - A').

3. Ifa<x<y<b, then A(x, x+) and A(y~, y) exist, the following

integrals exist, and

(LR)fyx [f(dg - G+) + fG+ + 77] = (LR)j ̂ [fG~ + f(dg - G~) + 77],

where G(r, t) = g(t)-g(r), G+(r, t) = G(r, r+), and G~(r, t) = G(t~, t).

Proof.  If (I)fb(fdg + 77) exists and either df or dg E OB° on [a, b], then
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0 =      Üm      {[f{p) - f{q)] [g{y) - g(x)] + [f(p) - f(q)] [g(q) - g(y)]}
y,P,q^-x+

=    lim    [f(p) -f(q)] [g(q)~ g(x)],
p,q-*x+

where p.qE (jc, y). The limit of the first term is zero because (I)fb(fdg + H)

exists; the limit of the second term is zero because / and g are bounded and

either dg G OB° or ¿/ G OB°. Similarly, if x E (a, b], then

Um _[f{p) ~f{q)] [g(q) -g{x)] = 0.
p.<r*x

Proof for 1 —* 2, where A+ and AT exist and dfE OB° on [a, b]. We

will show that iq(A - A+ - A~) = 0 fox a < p < q < b; then Conclusion 2 fol-

lows from Theorem 1. Suppose that e > 0 and a < p < q < b.  Since ¿/ and

A G OB° on [p, q], there is a finite subset J of [p, q] such that on [p, q]

(1) Z  [W(*. x+)\ + \A{x~, x)\] < e/10,
X$J

and

(2) Z  lï/(*) - /COI + \f(x) - f{x+)\] < e/20m,
x^J

Where m is a bound for \g\. Since {I)fq{fdg + H) exists, then the multivalued

function fdg + H has the OA° property; hence, there is a subdivision Dx of

[p, q] such that, if D' = {x,-}^ is a refinement of Dx and {rf}" and {rf}j are

interpolating sequences for D', then

® Z ![/(*,) -/0i>] [gixi) -gix¡_x)] I < e/20.
i

Since dfE OB° on [p, q], there is a subdivision 7) of [p, q] which is a

refinement of Dx U 7 such that a subset of F is an interpolation sequence for

Dx U 7 and, if {jc,}^ is a refinement of D and Af, F and g are subsets of {1, 2,

...,«} suchthatiGAfiffjciGZ?1 U7, i GF iff jc/_1 EDX UJ, and/Ggiff

i$NUP, then

(4)        Z U(*i_i. ^/) -^(*7'*«)l + Z \A{x¡_x,xi)-A(x¡_x,xf_x)\<ellO,
iBN i£P

and

Z [!/(*,) -/(^Pl + \f«i) -/(^_i)I]IA^-l < e/10.

Therefore, if D' = {x,.}^ is a refinement of D and Af, F and Q axe sets of integers

as defined above, then
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Z \A(x¡_x, xj) -A+(xi_x, xj) -A (x¡_x, Xj)\
1

< Z \A(xi_x,xj)-A(xJ,xt)\ + E W(*i-i. *<+-i)l
iSAT ie.N

+ Z \A(x¡_x, xj)-A(Xi_x, x¡_x)\ + Z \A(xj, xj)\
iep mp

+ Z l/C*ï>-/C»i>IIAf,l+ Z \f(xT)-fixti)\\Agi\
ieß ¿eg

+ Z \f(x?_x)-f(Xt_x)\\àg,\
iSQ

+ Z  [\A(x,_v x+_x)\ + \A(xj, xj)\] < e.
iGQ

(By using inequaUties 4, 1, 4, 1, 2, 3, 2 and 1 in this order, it can be shown that

each summation above is less than e/10.) Therefore, fq(A - A+ - A~) exists and

is zero. Conclusion 2 for dfE OB° follows from Theorem 1.

Proof for 1 —*■ 2, where dg E OB°. Suppose x E [a, b). If g(x+) = g(x),

then A+(x, p) = Ump^+ [f(p) ~f(x)} [g(p) -g(x)] = 0. Suppose that g(x+) ±

g(x). Since limp>fl_3e+ [f(p) ~f(q)] [g(p) ~ g(x)] = 0, then f(x+) exists and

A+(x, p) = [f(x+) -f(x)] [g(x+) -g(x)]. Therefore, .4+ exists on [a, b]. Sim-

ilarly, A~ exists on [a, b].

The proof that fq(A -A+ -A~) exists and is zero is simUar to the proof

where dfE OB° except for showing that Z/egl-dJ < e/4. Note that,

Z \A,\ = Z Mfi -fi-i)iSi -*,_,)! <a + ß,
iE:Q i(EQ

where

a = Z [IA/,11* -*/ï + IA/#| \gj_x -g¡_x\]

and ß — SiSq |A/j| \gf - gj_ x |. Since dg E OB° and / is bounded, subdivisions

can be defined so that a < e/10. Since (I)fb(fdg + 77) exists, subdivisions can

be defined so that ß < el 10. Hence, ^¡^q\A¡\ + S/eßUf| can be made arbitrar-

fly smaU. Therefore, fq(A -A+ -A~) exists and is zero, and Conclusion 2 for

dg E OB° foUows from Theorem 1.

Proof of 2 —► 1, where dg E OB°. It foUows from Conclusion 2 that

0 = (RL)Jyx[(fdg~fdg)-A+ -A-] =fyx(A -A+ -A~)

for a < x < y < b.  Suppose x E [a, b). Since A+ exists, then

Hm [f(y)-f(x)][g(y)-g(x)]
y-*x+

exists. If hmy_tX+[g(y)-g(x)] ^0,thenhmy^x+[f(y)-f(x)] exists and

^mp,q^x+ [fiP) ~/(?)l = °- Since / and # are bounded functions and since one
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of hmpq^x+ [f(p) -f(q)] or hmq^x+ [g(q) - g(x)] is zero, then

(5) Um     [/(P) - f{q)] [g{q) ~ g{x)] = 0.

Similarly,

?.<?-*■*

(6)
um _[f{p) -f(q)] [g(q)-g{x)]=0.

p,q-*x

It follows from Theorem 1 that (I)fy(fdg+H) exists and is (L)fy(fdg+H+A+).

Proof of 2 —> 1, where dfE OB°. Since dfE OB°, then

lim     [/(/O -f(q)] =0   and      lim _[/(/>) - f(q)] = 0

for a < x < y < ô; therefore, equations (5) and (6) hold. Since A+ and ^4- exist

and fy(A -A+ -A~) = 0fox a<x<y <b,it follows from Theorem 1 that

(I)SyJfdg + H) exists and is (L)fy(fdg + H + A+).
We will now prove that the following integrals exist and that fyA+ =

(RL)fyx(fG+ -fG+) and f^T = {RL)fy{fG- - /G-), where dg EX()B0,A+

and A~ exist, and G, G+ and G~ axe defined as in Conclusion 3. Then these

results will be used to prove 2 ■*-* 3. Since A+ and A~ exist and A G OB°, then

JbA+ and /&,4- exist.
* a 'a

Suppose that a<jc<7<£», e>0, and Af is an upper bound for |/| on

[a, b]. Since dg G 05° and since A+ exists on [a, Z>], there is a finite subset 7

of [x, y] such that (2M 4- 1)Sx(?/|G(;í, jc+)| < e/2 and, if jc G 7, then G(jc, jc+)

¥= 0; hence, if xEJ, then /(jc+) exists. Let F = 7 U {a, b} = {zf}m ; then there

is an interpolating sequence {t¡}m for F such that if z¡_xEjand z,_} <p<tt,

then |/(zt_i) -/(p)| < e/2V, where F = Sxe[a>6) |G(jc, jc+)|.

Let D = J U {a, b} U {r,.}™, and let 7/ = {jcf}g be a refinement of F. Let

/(jc*) denote a cluster value of /at x+; then .4+0, y) = [/(x*) -/(*)] G+(x,.y)>

and

Z \A+ix,_x, x,) - [f(x,) -f{x,_x)]G+ix,_x, x,)\
i

= Z \if(x?-i) 'f(x,-i)]Gt - [fix,) -fix,_x)\Gf\
i

= Í\[fixtx)-f{x¡)]Gt\

< Z    \U(xU)-f(x¿]G¡\+    Z    l[/(*?-i)-/MG/+l
*;_l&f *<-i?'

< (e/2F)    Z     1^/-1. *£1 )l + e/2 < e.
X,_XGJ
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Hence, /£4+ = (RL)Sy(fG+ -/G+) and.simüarly, pJT = (RL)¡y(fG- -fG~).
Proof of 2 <-> 3, where dg E 0B°. If Conclusion 2 holds, then the foUow-

ing integrals exist and /£4+ = (RL)Jy(fG+ -fG+) and

fyxA- = (RL)fyx(fG--fG~).

By combining the above equations with the equations in Conclusion 2, one can

show that

(L)fyx(fdg + H + A+) = (LR)jyx [f(dg - G+) +fG++H]

and

(R)}yx(fdg + H-A~) = (LR)fyx [fG~ + f(dg-G~) + 77];

hence, 2 —*■ 3.

The proof for 3 —► 2, with cfe G OB°, is identical to the above proof of

2-»-3.

The foUowing example shows that dfE OB° and the existence of (I)fbfdg

does not imply that A+ and A~ exist. Let g be a function such that gifT) does

not exist, and let /be the function such that f(b) = 2 and f(x) = 1 for x E

[a, b). Then (I)Sbafdg = g(b) -g(a), but A(b~, b) does not exist.

It is possible for the function A(x, y) = [f(y) - f(x)] \g(y) - g(x)] to

belong to 0.4° and 077° and neither/nor g to have bounded variation

Example.  Let f(x) = sin(l/*) for x < 0 and f(x) = 0 for x > 0, and

g(x) = 0 for x < 0 and g(x) = sin(l/x) for x > 0; on the interval [-1, 1],

AEOA" and 077° and fqpA = 0 for -1 < p < q < 1 ; however, df $ OB° and

dg(ß OB".

Theorem 5.1 of [3] gives a set of necessary and sufficient conditions for

the integral equation f(x) = h(x) + (LR)fx(fU + fV) to have a solution, where

U and V ate functions from R x R to R.  We now show that Theorem 5.1 of [3],

used with Theorem 2, gives a method for finding the solution of the equation

fix) = h(x) + (I)fxa(fdg + 77), where H(x, y) - f(x)K(x, y) + f(y)F(x, y) +

Q(x, y) and Q is independent of/and fxQ exists. Suppose that G and G+ ate

defined as in Conclusion 3 of Theorem 2, and that suitable restrictions are placed

on each function; then,

f(x) = h(x) + (I)fXa(fdg + H)

= h(x) + (LR)fx[f(dg -G+)+fG+ + 77]   (Theorem 2)

= h(x) + (LRLR)jx[f(dg -G+)+fG+ +fK + fF+Q]

and
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fix) = \h(x) + j*Q\ + {LR)fx [f(dg -G++K)+ f(G+ + F)].

Theorem 5.1 of [3] gives the solution for the preceding equation.

It is easily proved that, if the function dg in Theorem 2 is replaced by a

function G from F x F to F such that G G OA° and OB° on [a, b], then the

resulting Conclusions 1, 2, and 3 are equivalent. The proof of the following

theorem (which is used in the proof of Theorem 5) illustrates a method for con-

structing such proofs.

Theorem 3. Given, fis a bounded junction from R to R, and Q, Q+ and

H are functions from R x R to R such that Q E OA° and OB° on [a, b],

{T)fb{fQ + H) exists, and Q+{x, y) = Q(x, x+)for x G [a, b), provided Q(x, x+)

exists.

Conclusion. Ifa<x<y<b, then Q+(x, y) exists, and

{LR)fyx[f{Q-Q+)+fQ++H]

exists and is (I)Jy(fQ + H).

Proof. Since Q E OA° and OB°, then Q(x, x+) exists for je G [a, b). Let

g and G be functions such that g(x) = fxQ and G(x, y) = fy Q for a < x < y < b.

Since dg E OB°, then the triple / g, H satisfies Conclusion 1 of Theorem 2; hence

Conclusion 3 holds and

{I)fyxifdg + H) = {LR)fx [f{dg -G+)+fG++H].

Since Q E OA°, then 0 = fyx(Q - fQ) = ¡y(Q -G) = fy(Q - dg) and G(x, x+) =
ß(jc, jc+) = Q+(x,y)foia<x<y<b. Therefore,

(7)J^/(¿¿r - Q) = {ifjiG -Q) = {i)fxf(fQ - ô)= 0
and

(DjlifQ + H) = {Dfl [f(Q +dg-Q)+H]= (I)Jyx(fdg + H)

= (LR)^[f(dg -G+)+fG++H]= {LR)fyx [f(Q - Q+) + fQ+ + H]

for a < x < y < b.

Theorem 4. Given, [a, b] is a number interval, fand g are bounded func-

tions from R to R, and H is a function from R x R to R.

Conclusion. 1. IfA+ and A~ exist on [a, b], ifdg or dfE OB° on [a, b],

en¿ if {I)Jg(H + fdg) or {T)fb{H - gdf) exists, then the other integral exists and

{lf{H + fdg) = {I)jba{H - gdf) + f{b)g{b) - f{a)g{a) +fb(A+ - A~).
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2. If dg E OB" on [a, b] and (I)fb(H + fdg) exists, then A+ and A~ exist

on [a, b], and the equation in Conclusion 1 holds.

Proof. Suppose A+ and A~ exist, and suppose (I)Jb(H + fdg) exists. If

either dfE OB° or dg E OB°, then JbA+ and fbA~ exist, and

0)Jba(fdg + 77) = (L)p(fdg + H + A+)      (Theorem 2, 1 -+ 2)

= O0$bai-Sdf +H + A+) + f(b)g(b) - f(a)g(a)

= - (R)j"a(gdf -H-A-) + f(b)g(b) - f(a)g(a) +fb(A + - A~)

= - (I)fba(gdf-H)+f(b)g(b) ~f(a)g(a) +fba(A+ -A~)   (Theorem 2,2 + 1).

If (I)fb(H -gdf) exists, similar manipulations wiU hold.

If dg E OB° and (I)Jb(H + fdg) exists, it foUows from Theorem 2,1 —*• 2,

that A+ and A~ exist; hence, the preceding manipulations hold for this case also.

If/and g satisfy the hypothesis of Theorem 4, then the following relation-

ships can be proved as coroUaries to Theorem 4.

(LIRÍb(udr+fdg + vds)

=f(b)g(b) -f(a)g(a) + (LIR) fjudr - gdf+ vds) +J^4+ -A~)

=f(b)g(b) -f(aW) + u(b)r(b) - u(a)r(a)

+ (RIR)pa(-rdu -gdf+ vds) +j\A+ -A~)

=f{b)g{b) -f(a)g(a) + u(b)r(b) - u(a)r(a) + u(b)s(b)

- v(a)s(a) + (RILfjrrdu - gdf - sdv) + jb(A+ - A~).

In a recent paper Wright and Baker prove an integration-by-parts theorem

[13, Theorem 3.2] for the integral (LIR)Sba(wxfdg + w2fdg + wjdg). Their

Theorem 3.2 can be proved as a coroUary to Theorem 4 above in which w2f(t)

and [wxf(x) + w3f(y)\ [g(y) -g(x)] of Theorem 3.2 play the roles of f(t) and

H(x, y), respectively, in Theorem 4.

Theorem 5. Given,  [a, b] is a number interval, m and c are numbers, and

h and k are bounded functions from R to R such that k>0 and dh E OB° on

[a, b];H, G and K are functions from R x R to R which belong to OA° and OB°

on [a, b];S is the set of functions such that fES iff fis a bounded nonnegative

function from R to R such that ifx E [a, b] then the following integral exists and

f(x) < h(x) + (LIR)jx(ßH + fkG + fkK);
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u, v, U, V and G+ are functions from R x R to R such that U= (l/2)(|u| + u),

V = (1/2)0 v\ + v) and G+{x, y) = G(x, x+).

Conclusion 1. If m = hihxe[ah]k(x), 1 - m(G+ + F) > c > 0 on [a,b],

and u(x, y) = H(x, y) + G(x, y) - G(x, x+) and v(x, y) = G(x, x+) + K(x, y)

for a<x<y <b, then the function g such that

g(x)=h(a)anx(l + mU)(l -mV)-1

-f- (F)P(1 - mV)-1 tTlx(l + m£/)(l - mV)~xdh

exists on [a, b] ; furthermore, iff G S and x G [a, b], then f(x) < g(x).

Conclusion 2. Ifk is quasi-continuous, and u, v, U and V are defined as in

Conclusion 1, and \kU\(x, y) = \k(x)U(x, y)\ and \kV\(x, y) = \k(y)V(x, y)\, and

l-\kV\>c>0, then the function g such that

g(x) = h(a)al\x(l + |*Z7|)(1 - \kV\Yx

+ (F)j^(l - \kV\)~xtnx(l + \kU\)(l - \kV\)~ldh

exists on [a, b]. Furthermore, iffES and x E [a, b], then f(x) < g(x); also, if

u(x, y)>0 and v(x, y)>0on [a,b], then g ES.

Conclusion 3. Ifkis quasi-continuous and P, Q, T, u and v are functions

such that P(x, y) = k(x)H(x, y), Q(x, y) = k(x+)G(x, y), T(x, y) = k(y)K(x, y),

u(x, y) = P(x, y) + Q(x, y) - Q(x, x+) and v(x, y) = Q(x, x+) + T(x, y) for

a<x <y <b and 1 - (Q+ + T) > c > 0 on [a, b], then the function g such that

g(x) = h(a)aTlx(l + U)(l - V)-1 + (R)fx{l - V)-xtllx(l + U)(i-v)-xdh

exists on [a, b] ; furthermore, g ES and, iff G S and x E [a, b], then f(x) < g(x).

Proof of Conclusion 1. Let g be the function such that, if x E [a, b],
then

g(x) = h(a)a n*(l + mU)(l -mV)~x

+ (F)P(1 - mV)~x [fn*(l + mU){l -mV)~x] dh.

Since u and v G OA° and 05° on [a, b], it follows from Lemma 4 that mU and

mVEOA" and OB°. Since l-mV> c>0, it follows from Lemma 5 that g

exists on [a, b] and that, if x E [a, b], then g(x) = h(x) + {LR)Jx{gmU + gmV).

Suppose that /G S and x E (a, b]. Since G G OB° and 6X4°, it follows

from Theorem 3, with fk playing the role off, that

(LIR)fx(fkH + fkG + fkK) = (LR)r[(fk)u + {fk)v]

and, hence,/(jc) < h(x) + (LR)fx[(fk)u + (fk)v]. If e > 0, there is a subdivi-
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sion D of [a, x] such that if {*;}{} is a refinement of D then there is a number

e such that |e| < e and such that

fix) -gix) < (LR)fx(fku + fkv) - (LR)fx(gmU + gmV)

n

= Z (/f-A-i", + ffift -ii-imUi -S¡mVj) + e.
i

Since f¡_xmU¡ >f¡_xk¡_xui and ftmVt >fikivi for each i, then

fix) -g(x) < Z tft-i*Vt + ff"vl -Si-i^i -g¡mVt) + e
i

< Z [(//-i -*i-i)^ + ift-i^mV,] +e.
i

Since f(a) < g(a) and / - g is bounded on [a, b] and mi/ and m V are nonnegative

functions such that mil and mKE OA° and 077° and such that l-mV> c>0,

it foUows from Lemma 6 that/(x)<g(x) for*£ [a, ô].

Proof of Conclusion 2. Suppose that g is the function defined in Con-

clusion 2 and that k is quasi-continuous on [a, b]. Since each of u and v E OA°

and 077° and k is quasi-continuous on [a, b], it follows from Lemma 2 that fc«

and kv E OA° and 077° and from Lemmas 2 and 4 that \kU\ and \kV\ E OA°

and 077° on [a, b]; also, 1 - \kV\ >c>0, \kU\ > 0 and \kV\ > 0. A repetition

of the steps in Conclusion 1 (with mU and mV replaced by \kU\ and \kV\) shows

that * exists and is h(x) + (LR)fx(g\kU\ + g\kV\) on [a, b] and, if/£ S and

xE[a,b],tiienf(x)<g(x).

If each of u and u is nonnegative on [a, b], then U — (l/2)(|wl + u) = u

and F = (l/2)(|u| + v) = v, and k(x)u(x, y) - |ifei7|(x, ;>) and ¿(j-M*, j) =

IfcKlfx, jv) on [a, è]. We now show that g ES. Since g and & are quasi-continuous

and each of 77, G and K E OA° and 05°, then by Lemma 2 each of (L)fbgkH,

(I)fbgkG and (R)fbgkK exists; hence, (LIR)fx(gkH + gkG + gkK) exists for

x e [a, ft] and, by Theorem 3, is (LR)Jx(gku + gkv). Hence,

g(x) = «(» + (LR)fx(g\kU\ + g\kV\)

= h(x) + (LR)pa(gku + gkv)

= h(x) + (LIR)fx(gkH + gkG + gkK)  (Theorem 3)

for x E [a, b]. Therefore, g ES.

Proof of Conclusion 3. Suppose k is quasi-continuous on [a, b] and

that P, Q, T, u and v are functions with the properties given in Conclusion 3.

Since 77, G and K E OA° and 05° and k is quasi-continuous, it foUows from

Lemma 2 that P, Q and TEOA° and 077° on [a, b]. The functions P, Q, T, u,
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v, U and V satisfy the hypothesis for Conclusion 1 (with F, Q, T playing the

roles of H, G, K, respectively), and with k = 1; hence,

fix) < h(x) + (LIR)jXa(fP + fQ+fT)

and the function g such that

g(x) = h(a)aTlx(l + U)(l - V)~x + (F)T(1 - V)-Xtïlx(l + í/)(l ~V)~ldh

exists on [a, b] and, iffES and x E [a, b], then f(x) <g(x).

Since g <= 04° and OF0, then

¿(x) = A(jc) + (LR)fx(gU + gV)     (Lemma 5)

= h(x) + (LIR)fx(gP + gQ+ gT)     (Theorem 3)

= A(x) + (LIR)fx(gkH + gkG + gkK)

for x E [a, b]. Therefore, g ES.

In a recent paper [14, Theorem 2.1] Wright, Klasi and Kennebeck consider

a Gronwall inequality of the form

fix) < e + (LIR)fx(wxfkdg + w2fkdg + w3fkdg),

where g is nondecreasing and /and k are bounded nonnegative functions on [a, b],

e is a positive number, and m = lubxera ¿,i&(jc); also,

(1) a(f) = \w2 + w31 m [g(t+ ) - git)] < 1   and

(2) ß{t)=\w3\m[g{t)-g{r)]<l.

Theorem 2.1 is a special case of Theorem 5, Conclusion 1, with h = e, H = wxdg,

G = w2dg and F = w3dg. Following is the outline of a proof which shows that

there is a positive number c such that 1 - m(G+ + K) > c > 0 on [a, b]. Sup-

pose D = {rf}2 is a subdivision of [a, b] and that 0 < i < n.  Then

míG/- + K,) = iiWaMfJLi)-*^-!)] + rawjfefy) -^-i)]

< m|w2 + w3\[gitf_x) -g{t¡_x)] + ralwjlfefy) -íírp]

+wiw3i[g(/r>-«<f£i)]

= «(i,,,) + pïï,) 4- m\w3Mf7) -g{tf_x)].

Since g is nondecreasing, inequalities (1) and (2) above assure that there is a positive

number c such that 1 > a{t) + 4c and 1 > ß{t) + 4c on [a, b] ; also, if the sub-

division D is chosen properly, then a(t¡_x) + ß{tf) < (1 - 4c) 4- c and
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m\w3\[g(tj)-g(tf_x)] <c;

hence, m(Gf + K¡) + c < 1. Therefore, any set of functions and numbers which

satisfies the hypothesis of [14, Theorem 2.1] wiU also satisfy the hypothesis of

Theorem 5, Conclusion 1.

Lemmas. The foUowing lemmas were used in the proofs of the preceding

theorems.

Lemma 1. If G is a function from R x R to R such that ¡a G exists, then

G E OA° on [a, b]    [3, Theorem 4.1, p. 304].

Lemma 2. 7/77 and G are functions from R x R to R such that 77 E OL°

and G E OA° and 077° on [a, b], then GH E OA° and OM° on [a, b]    [4,

Theorem 2, p. 494].

Lemma 3. Given,  [a, b] is a number interval, fand g are functions from

RtoR such that A E OB°, the following integrals exist and /£4 = fy(A+ + A~)

fora<x<y <Z>.

Conclusion. 7/e > 0, then there is a subdivision D of [a, b] such that, if

D'= {xj}q is a refinement ofD and {tj}" is an interpolating sequence for D' and

P is the subset of {1,2,..., «} such that iEPiffx^j^ £ D, andx¡£D, then

Z \[fi*i) -fOj)} [Sitj) -giXi-t)] I < e

a«cf

Z I [/('/) - /(*<- i)l U(*i) - *(',)] l< e.

Proof. Let e > 0. Since A E OA° and A E OB" and

fiA=fyJA++A-)=    Z      [A(p-,P)+A(p,p+)]Jx       J x pe[x,yj

for a < x < y < b, then there is a subdivision D of [a, b] such that, if D' =

{x¡}q is a refinement of D and P is the subset of {1,2.«} such that i E P

iff x¡_x £ D and jcf $ D, then

"I rx-

a) zk*,-i>*,)-r ' a
11        jxt-\

(2) ZIP'    (A++A~)
íe/> >J xi-i

<e/6,

<e/6,

and
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(3)

Zu^-L^K Z A(xi_x,xl)-Çi a +z f
iep mp J xi-i        mp Jx,_x

<e/6 + si/: (a-
mP r xi-1

+ A')] < e/3.

Suppose that D' = {xf}^ is a refinement of D and {r,}" is an interpolating se-

quence for D' and {r¡}" is the sequence of numbers such that

r¡ « [/(O -/(x.-x)] [¿(xf) -*(*,)] + [/(x,.) -/(if)] [g{tl)-g{xi_x)]

= A(xi_x, x¡) - [A(x¡_x, t¡) + A(t¡, x,)]

for i = 1, 2.n.  It follows from inequality (1) that

tty<t\\A(xi-Vx,)-fXi    A 4-   f*     A-A(xl_x,ti)\
l l LI J x¡_x J*i-i I

+ \fU-A(ti,xi)^<el2.

We will now prove the inequalities in the conclusion. Let F be the subset

of {1, 2, ... , n} such that i EP iff x,_x$Dand x, £D, and let {a,}? and

{b¡}" be the number sequences such that, if 0 < i < n, then:

(1) if \g(x¡) -&,)] > \g(t,) -giXi.JU then a,. = 1 and b, = 0; and

(2) if \g(x,) -git¡)\ < \g{t,) -g{x,_x)\, then a, = 0 and b, = 1.

It follows that

H\mx,)-w)[git,)-g<x,_x))i

= Z {a,\[f(x¿ -f{t¡)] [git,) -g(x,_x)] I
iGP

+ b,\r, - [fit,) -f{x,_x)] \g(xt) -g{t,)] 1}

<Z w(x¡)-nt¿\\áx¿-git,)\
iep

+ bt\f(tt) -f{x,.x)\ \git,) -gix,_x)\ + \r,\}

< Z [\A{t¡, x,)\ + \A{x,_x, t,)\] + e/2 < e/2 + e/2,

from inequality (3), because D' U {t,}" is a refinement of D.  Similarly,

Z l[/C/) -/(*f-i)] [f&i) -g(t¡)] I < e.

Lemma 4. Given. G and H are functions from R x R to R such that G G

OA° and OB° on [a, b] andH(x,y) = (l/2)[|G(x,y)\ 4- G(x, y)] fora<x<

y<b.
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Conclusion. \G\ and 77 E OA° and OB0 on [a, b].

Outline of proof.   Let g(x) = fxG.  If D = {*,}£ is a subdivision of

[a, b], then

Z IA*,I - Z g   c<zig,i + zIC'   G~Gi
Jxi-i i i Yxi-i

Since G E OB° and 0^4°, it foUows that dg E OB° and that ¡b\dg\ exists. If

{xj}q is a subdivision of [a, b], then

ZlAf,l-ZlG,l
i i = |¿([fl' H-!««)

I   1  \    */-l /

<i\p
1   K*/_,

G-G,

Since G EOA°, the last summation can be made arbitrarily smaU; it follows that

fb\G\ exists and |G| E OA° (Lemma 1). Since |G| and G G 04° and 05°, then

77 = (1/2)(|G| + G)E OA° and 077°.

Lemma 5. Given, [a, b] is a number interval, c > 0 and h is a function

from R to R such that dh E OB° on [a, b]; U and V are functions from R x R

to R such that Uand VE OA° and 077° and 1 - V>c> Oon [a, b].

Conclusion. (I)Ifa<x<y<b, then xUy(l + i/)(l - V)'1 and

(R)fy(l - FT"1,1^(1 + tO(l - V)~1dh exist.  (2) If g is the function such that

g(x) = «(a)an*o + too - v)~l + (ropo - vrlt^x(x + cocí - vy'dh

for x E [a, b], then g(x) = h(x) + (LR)fx(gU + gV) for x E [a, b].

Proof. We wül show that Lemma 5 is a corollary to Theorem 5.1 of [4].

Since VE OA° and 077° and 1 - V> c > 0 on [a, ft], then (1 - K)"1 exists, is

bounded, and E OL° on [a, b]. Since (1 - V)'1 E OL° and dh E OA° and 05°

then (1 - V)~1dh E OA° (Lemma 2). Since (1 - V)'1 E OL° and is bounded,

since U+VEOB" and OA°, and since (1 + £/)(l - Vf1 - 1 = (U + V)•

(1 - V)-1, then (1 + r/)(l - V)-1 - 1 G 05°, OA° and OM° (Lemma 2); hence

^IFO + f/)(l - Y)'1 exists for a < x <y < b.  Since the function r(t) =

fny(l + U)(l - V)-1 has bounded variation and (1 - V)~1dh E OA° and 05°,

then

"y\tw(i + u)(i - v)-1]^ - vyldh<*>/:

exists for a < x < y < b (Lemma 2). Let g be the function defined in Conclu-

sion 2. Since the functions U, V, h and g satisfy the hypothesis of Theorem 5.1,

2 -> 1, it foUows that g(x) + h(x) + (LR)Jx(gU + gV) for x G [a, Ô].
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The proof of Lemma 6 is similar to the proof of Theorem 3 of [3].

Lemma 6. Given. H and G are functions from R x R to R and c is a

positive number such that H and G E OA° and OB°, H > 0, G > 0, and 1 - G >

c on [a, b] ; u is a function from R to R such that u is bounded above on [a,b],

u(a) < 0 and, ife>0 and a<p<b, then there is a subdivision D of [a, p] such

that if {x,}q is a refinement ofD then

<xn) < Z Mx,_xyHiXi-v *,) + «ix,)G(x,_x, x,)] + e.
i

Conclusion. 7/x G [a, b], then u(x) < 0.

Proof.  Assume the conclusion is false, and let S be the subset of [a, b]

such that x G S iff u(x) > 0; then S is nonempty and has a greatest lower bound p.

Suppose that p G S; then u(p) > 0 and p =£ a.  Since l-G>c>0, there

is a positive number k such that 2k < u{p)[l - G(p~, p)]. Since G G OB° and

0.4° and since k > 0, there is a subdivision {x,}0 of [a, p] such that

uip)G{xn_v p) - u{p)Gip-, p)<k

and
n

<P) < Z M*/-1 M*,-1- x,) + uixJGix^.x,)] + k<u{p)G{xn_1, p) + k

= [u{p)G{xn _x,p)- u{p)G{p-, p)] + u{p)G{p-, p) + k

<k + u{p)G{p~,p) + k;

therefore, u{p)[l - G{p~, p)] < 2k.  Since this contradicts an earlier statement

that 2k < u{p)[l - G{p~, p)], it follows that p £ S.

Since p $ S, then u(t) < 0 for a < t <p and p ï b.  Since G and F G OB0

and since 1 -G{p, p+)>c>0, there is a positive number k such that

(l/2)[G(p,p+)+l+fc]<l.

Since H and G G OB°, there is a number y E {p, b] such that, if {x,.}^ is a sub-

division of [p, y], then

tn{xi_1,xi) + TG{xi_1,xi)<{l/2)[l-G{p,p+)] +G(p,p+)
(1) 2 i

= (1/2)[1+G(p,p+)]<1.

Let Af be the least upper bound for u on [p, y] ; then there is a number z E

{p, y] such that

(2) ' u(z) > (1/2) [G(p, p+) + 1 + k] M.
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It foUows from the hypothesis that there is a subdivision D = {zjft of [a, z] and

an integer r such that p = zr_x ED and such that

u(z) < Z M*i-i)H(*i-|. */) + «btM*i-i. zi)] + W
i

< Z "«-i^«+ Z"iGf + ifcw/2 < Z Hi + tGi\M + W
r+1 r I '•+1 r

< (1/2)[1 + G(p, p+)]M + (l/2)kM (Inequality 1)

= (1/2) [1 + G(p, p+) + k]M < u(z).   (Inequality 2).

It foUows that the conclusion is true.
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